We continue the exploration of the consistency of a modified-gravity theory that generalizes General Relativity by including a dynamical torsion in addition to the dynamical metric. The six-parameter theory we consider was found to be consistent around arbitrary torsionless Einstein backgrounds, in spite of its containing a (notoriously delicate) massive spin-2 excitation. At zero bare cosmological constant, this theory was found to admit a self-accelerating solution whose exponential expansion is sustained by a non-zero torsion background. The scalar-type perturbations of the latter torsionfull self-accelerating solution were recently studied and were found to preserve the number of propagating scalar degrees of freedom, but to exhibit, for some values of the torsion background some exponential instabilities (of a rather mild type). Here, we study the tensor-type and vector-type perturbations of the torsionfull self-accelerating solution, and of its deformation by a non-zero bare cosmological constant. We find strong, "gradient" instabilities in the vector sector. No tuning of the parameters of the theory can kill these instabilities without creating instabilities in the other sectors. Further work is needed to see whether generic torsionfull backgrounds are prone to containing gradient instabilities, or if the instabilities we found are mainly due to the (generalized) self-accelerating nature of the special de Sitter backgrounds we considered.
I. INTRODUCTION
Since its discovery more than a century ago [1, 2] , General Relativity (GR) has been found to be in excellent agreement with all gravitational observations and experiments (for reviews of tests of GR, see, e.g., [3, 4] ). However, the search for modified theories of gravity (incorporating GR in some limit) has been an active research topic nearly since the formulation of GR. There are several motivations for looking for modified, or extended, gravity theories, notably: (i) the desire to unify gravity with other interactions (or with matter fields); (ii) the usefulness of having foils to devise, or to interpret, experimental tests; (iii) the search for a natural explanation of several remarkable cosmological facts, such as the need to postulate both dark matter and dark energy, well in excess of the visible matter content of the universe.
In particular, many modified gravity theories have been suggested to try to explain the observed late acceleration of the universe as being due to a dynamical self-acceleration mechanism linked to some infra-red physics, instead of resulting from the addition of an extremely tiny cosmological constant in Einstein's equations. Among such self-accelerating universes, we can mention the ones coming from: higher-order (i.e. nonquadratic) scalar kinetic terms [5, 6] , gravity leaking to extra dimensions [7, 8] , bigravity [9, 10] , massive gravity [10, 11] , galileons [12] , and generalized scalar-tensor theories [13] . For a recent reviews of modified-gravity models of dark energy see Refs. [14, 15] .
An endemic problem of modified-gravity selfaccelerating cosmological models is the presence of instabilities of various sorts: tachyons, ghosts, excitation of new degrees of freedom, gradient instabilities. Instabilities seem to be a necessary consequence of many self-acceleration mechanisms. For examples of instabilities in self-accelerated universes see, e.g., [5, [16] [17] [18] [19] [20] [21] [22] [23] [24] . For reviews of these instabilities, see, e.g., Refs. [25, 26] . For more references and examples of cures of these instabilities, see Refs. [27] [28] [29] [30] .
Separately from the endemic stability problems of self-accelerating cosmological universes, the recent extremely tight limit (∼ 10 −15 level) on the fractional difference between the speed of gravitational waves and the speed of light derived from combining the observations of GW170817 and GRB 170817A [31] [32] [33] has put stringent constraints on many of the modified-gravity models featuring self-accelerating solutions [34] [35] [36] [37] [38] . The latter constraints severely reduce the viable range of modifiedgravity theories that have been proposed as alternatives to GR.
In the present work, we shall consider a class of modified-gravity theories whose phenomenology has received relatively little attention (compared to the models mentioned above), though it has many appealing theoretical features. The class of theories that we shall study here is a subclass of the geometric theories that generalize GR by including a dynamical torsion in addition to the dynamical metric (or vierbein) of GR. We shall refer to it as torsion gravity (TG) in the following. These theories originated in the Einstein-Cartan theory [39, 40] , defined by taking as Lagrangian density the curvature scalar considered as a functional of both the metric and a metric-preserving, but nonsymmetric, affine connection. In Einstein-Cartan theory, the torsion does not propagate so that, in absence of sources for the torsion, the theory reduces to GR (for a detailed discussion, with historical references, of the Einstein-Cartan-Sciama-Kibble theory, viewed as a gauge theory of the Poincaré group, see Ref. [41] ). A simple class of TG theories where the torsion propagates is obtained by adding to the curvature scalar terms quadratic either in the torsion or in the curvature tensor [42] [43] [44] [45] [46] [47] . Remarkably, when appropriately restricting the arbitrary coefficients entering the action of these theories, one obtains classes of ghost-free, and tachyon-free (around Minkowski spacetime) generalizations of GR including, besides the usual massless Einsteinian spin-2 field, several other possible massive fields [42, 43, 46, 47] . Here, following Refs. [48, 49] , we shall consider a 5-parameter 1 class of TG theories which contains, as propagating massive fields (embodied in the torsion) both massive spin-2 and massive spin-0 excitations. This class of TG theories has so far proven to be remarkably healthy and robust for an extension of GR containing a (notoriously delicate) massive spin-2 field. Indeed, Ref. [48] has shown that this model stayed consistent around de Sitter and anti-de Sitter backgrounds, while Ref. [49] has shown not only that the number of propagating degrees of freedom remains the same as in flat flat spacetime when considering the excitations around an arbitrary torsionless Einstein background (in other words, the notoriously dangerous Boulware-Deser phenomenon [50] does not take place in such general backgrounds), but also that, at least for weakly curved backgrounds, there were no ghosts in the spectrum. See also Ref. [51] which contrasts TG gravity with bigravity.
It has been recently found in Ref. [52] that this class of TG models admits, at zero bare cosmological constant, a self-accelerating expanding de Sitter solution driven by a connection background involving a non-zero torsion. In view of the endemic instability problems of selfaccelerating universes, and of the fact that the previous stability results of Refs. [48, 49] were limited to torsionless backgrounds of TG theory, the study of the stability of the self-accelerating torsionful universe of Ref. [52] is an open issue which deserves a detailed study. This study was started in Refs. [53, 54] by considering the stability of scalar perturbations of the self-accelerating torsionful universe. [Indeed, the scalar sector is usually considered as being the most prone to exhibiting instabilities.] On the one hand, the stability analysis of Refs. [53, 54] confirmed the good behavior of torsion gravity for what concerns the preservation of the number of degrees of freedom. Indeed, the number of scalar degrees of freedom around the torsion background of the selfaccelerating universe of Ref. [52] was found to be two, which is the same as in a Minkowski background. On the other hand, while Ref. [53] found that there existed exponentially growing modes when the background torsion was large compared to the Hubble expansion rate, Ref. [54] concluded that the scalar perturbation modes were stable when the background torsion was comparable to 1 or 6 parameters when adding a bare cosmological constant, the Hubble expansion rate.
The aim of the present work is to complete the stability analysis of Refs. [53, 54] by studying the vector and tensor sectors of the perturbations of the self-accelerating universe, and to extend it to a study of the perturbations of a one-parameter family of torsionfull de Sitterlike solutions obtained by deforming the self-accelerating solution by a non-zero bare cosmological constant. We shall also, for completeness, reexamine the scalar sector, thereby bringing some qualifications to the previous findings [54] .
The organization of this paper is as follows. We review the formalism of torsion gravity (TG) in Sec. II, and present its general field equations in Sec. III. In IV we present two separate one-parameter families of de Sitter-like solutions in TG parametrized by a bare vacuum energy c 2 : one family (called "first branch") is torsionless (and was already introduced in Ref. [48] ), while the other family (called "second branch") is the c 2 -deformation of the self-accelerating solution of Ref. [52] . The SO(3)-covariant analysis of the perturbations of these de Sitter-like solutions is presented in Sec. V. We show in Sec. VI how the large parameter α/λ 2 can be scaled out from the cosmological perturbation equations, and how the perturbations can be expressed as functions of the dimensionless variable z = kη measuring the ratio between the physical wavenumber and the Hubble expansion rate. Our general method for studying the behavior of cosmological perturbations in the large-z limit (high-frequency, sub-horizon modes having wavelengths small compared to the Hubble horizon) is explained in Sec. VII, where we also summarize, in advance, our main results. Then we successively present our analysis of the high-frequency dispersion laws for tensor, vector and scalar perturbations in Secs. VIII, IX, and X, respectively. Some concluding remarks are presented in Sec. XI. Finally, to relieve the tedium, the explicit forms of the (initial) perturbation equations (for tensor, vector and scalar perturbations) are presented in three corresponding Appendices (A, B and C).
II. FORMALISM AND ACTION OF TORSION GRAVITY (TG)
The 6-parameter class of Torsion Gravity (TG) theories considered here (following Refs. [48, 49, 52] ) is defined by an action whose basic fields (besides the ones describing matter, which we shall not consider here) are a vierbein e i µ (with inverse e i µ ; e i µ e j µ = δ j i ) and a Lorentz connection A ijµ = −A jiµ . Here, we follow the notation of Refs. [44] [45] [46] [47] : the signature is mostly plus; indices i, j, k, . . . = 0, 1, 2, 3 denote Lorentz-frame indices (moved by the Minkowski metric η ij , η ij ), while Greek indices µ, ν, . . . = 0, 1, 2, 3 denote spacetime indices linked to a coordinate system x µ , and moved by the coordinatesystem metric g µν ≡ η ij e i µ e j ν . The fact that the connection A i jµ ≡ η ii A i jµ is algebraically described by the 24 independent components of a local Lorentz (η-antisymmetric) connection automatically embodies the fact that A preserves the metric g µν . Indices are moved by their relevant metric, and we generally try, for clarity, to keep the Lorentz indices before the spacetime ones ("frame first"), e.g. e iµ = η ij e j µ = g µν e i ν . When there is a risk of confusion, we shall add a tilde on the Lorentz indices: eĩ µ .
We work with the general action (where |e| ≡ det e 
2 Here, α denotes the opposite (α ≡ −α) of the parameter denoted α in Refs. [44] [45] [46] [47] [48] [49] 52] . We introduce this change of sign to have α > 0.
On the other hand, the non-Riemannian connection oneform
µ ∧ dx ν via exactly the same Cartan formula:
The corresponding frame components of these two curvature tensors, namely R i jkl ≡ R i jµν e k µ e l ν and F i jkl ≡ F i jµν e k µ e l ν , can then be explicitly written (in their "all indices down" forms:
Then the other objects (Ricci tensors and scalars of, respectively, ω and A: R ij , R, and F ij , F ) entering the TG action above are defined as
7)
Note that both R ijkl and F ijkl are antisymmetric under i ↔ j and k ↔ l. However, contrary to R ijkl , F ijkl is not symmetric under the exchange ij ↔ kl, so that F ij a priori differs from F ji . For brevity, we will sometimes contract Lorentz indices without explicitly indicating the use of the Minkowski metric: i.e. a term like η mn A imµ A njν will be simply written as A imµ A mjν .
For completeness, let us also mention the form of Cartans's first structure equations. In the Riemannian case, the absence of torsion yields de i + ω i j e j = 0, where e i ≡ e i µ dx µ . This equation allows one to express the spin-connection in terms of the structure constants of the frame field, defined by
Namely,
We added some brackets around the last two indices of
as a reminder of its antisymmetry with respect to these indices. We will use the same reminder for the torsion tensor T i [jk] . By contrast, we do not put an antisymmetry symbol on the first two indices of the several other three-index objects (A ijk , ω ijk , K ijk , . . .) which are antisymmetric over their first two indices. By contrast to the case of ω, the application of the first Cartan structure equation to the torsionfull connection A yields
where
are the frame components of the torsion tensor. This equation yields
(2.12)
One can solve these equations to express A ijk in terms of
, with a result often written as
where ω ijk was expressed in terms of C i [jk] in Eq. (2.10), and where K ijk = −K jik are the frame components of the contorsion tensor. This tensor is defined as 14) whose inverse is
Note also the expression of K ijµ ≡ K ijk e k µ in terms of ω and A:
As discussed in Refs. [42] [43] [44] [45] [46] [47] [48] [49] 52 ], the action above defines a healthy theory (without ghosts or tachyons) about a Minkowski background involving, besides a massless graviton, a massive spin-2 field and a massive pseudoscalar field if the parameters entering the action satisfy the following inequalities 17) and the equality
Then the squared mass of the massive spin-2 field is 19) while that of the pseudoscalar field is
In addition, the strength of the matter coupling of the massless spin-2 field is [46, 49] 21) while that of the massive spin-2 field is
In this work, we shall assume that the ratio α/ α is of order unity, so that
On the other hand, we shall assume that the dimensionless parameters c 5 and c 6 are very large and of order 2 e] only linearly, we easily see that the action involves (because of its, at most, quadratic nature in F ) only two derivatives of the fundamental fields e and A, leading to field equations containing at most two derivatives of e and A.
It is convenient to write the explicit forms of the EulerLagrange equations following from the action Eq. (2.2), as
The explicit expression of the vierbein field equation G ij reads [53] 
is the part of the Lagrangian that is quadratic in F ijkl . Note that G ij is not symmetric in its two indices ij. The gravitational equations (3.2) involve two derivatives of the vierbein e and only one derivative of the connection A.
To write the explicit form of the A ijµ field equation T ijk , one needs to define the following building blocks:
In terms of these quantities, the connection field equation reads
where the derivative D i involves the connection A ijµ :
The connection equations (3.7) involve two derivatives of the connection A and only one derivative of the vierbein e .
The above field equations satisfy Bianchi-type identities linked to the invariance of the action under both diffeomorphisms and local Lorentz rotations of the vierbein. See Eqs. (17) and (20) in Ref. [53] .
IV. DE SITTER-LIKE SOLUTIONS OF THE FIELD EQUATIONS
A. A torsionfull self-accelerating solution in absence of bare cosmological constant [52] Ref. [52] found that, in absence of bare cosmological constant (i.e. when setting c 2 = 0 in the TG action), the above field equations admitted a self-accelerating solution, i.e. a solution whose metric corresponds to an expanding de Sitter solution:
where a, b = 1, 2, 3 and
2)
The inverse vierbeinēĩ µ describing this background 3 solution is naturally chosen as
This solution is sustained by a connection background having both "electriclike" and "magneticlike" frame components, namelȳ
with time-independent connection strengths f and g. We note that the contorsion tensor of this connection has, as only nonzero components,
(4.5) 3 We use an overbar to denote a background solution.
Therefore the connection backgroundĀ will contain some torsion as soon as either f = −λ or g = 0. We will see in the formulas relating f and g, for this self-accelerating solution, to the basic parameters of TG that the selfaccelerating solution is necessarily torsionfull. An important facet of the present work is to understand whether a torsionfull background has different stability properties than a torsion-free background. In order to clarify this issue, we will find convenient to contrast the properties of the perturbations around the torsionfull, self-accelerating, de Sitter solution, Eqs. (4.3), (4.4), above, with those around the torsionless expanding de Sitter solution (for the same value of the Hubble expansion rate λ) considered in Ref. [48] . The latter solution needs to have a non-zero value of the bare cosmological constant c 2 to sustain its expansion. Here, we shall more generally show how to construct two different oneparameter families of TG backgrounds, parametrized by a continuously varying value of c 2 and having different values of the connection strengths f and g. One of these families (called "first branch" below) is the torsionless de Sitter-like solutions of Ref. [48] , while the second family (called "second branch" below) is made of torsionfull de Sitter-like backgrounds that are c 2 -deformed versions of the self-accelerating solution recalled above. The crucial point is that we shall show below that these two oneparameter families intersect at some point, so that the c 2 -family of second-branch solutions defines a way to interpolate between a torsionless de Sitter background and the torsionfull self-accelerating solution. We generalize the self-accelerating solution found in Ref. [52] by allowing for a non-zero value of c 2 . The Lagrangian |e|L given in Eq. (9) of [52] must be augmented by the term 6) where N denotes the lapse (which is set to 1 after variation). This supplementary term only modifies the gravity equation δS/δN (i.e. Eq. (10a) in [52] ), without modifying Eqs. (10b) and (10c) there, which correspond to δS/δf and δS/δg. Denoting for brevity
one then finds the following three independent equations that this c 2 -modified background has to satisfy:
A crucial point is that the last equation, Eq. (4.8c), actually splits into two possible types of solutions: either
Along the first branch (i.e. when g = 0), we get, by inserting g = 0 in the second equation the result f = −λ. Then, inserting these results for g and f in the first equation one gets a relation determining λ in terms of c 2 , namely
Note that d 2 = c 2 /9 has to be negative; which is expected as the vacuum energy density is actually −c 2 . In view of Eq. (4.5), this first branch of de Sitter solutions (with g = 0 and f = −λ) is torsion-free. It coincides with the solutions studied in [48] .
To discuss the second branch of solutions, it is convenient to use some notation. Let us first define the following combinations of the theoretical parameters entering the TG action (using the definitions (4.7))
The first three of these quantities(ξ, d 56 , d 26 ) are dimensionless, and will be all considered as being of order unity in the present work. [Note that the dimensionless quantity denoted ξ, which we shall use in this work, is the inverse of the quantity Ξ ≡ α α ≡ 1 ξ used in Ref. [54] .] On the other hand, the quantity H 6 (with H 6 > 0) defined last, has the same dimension as the Hubble expansion rate (as well as that of f and g) and provides a convenient fiducial Hubble expansion rate (hence its notation).
We then define other dimensionless quantities of order unity that involve the quantities f , g and λ entering our cosmological solutions. Namely,
In terms of these quantities, Eqs. (4.8a), (4.8b), (4.8c) read
Using Eq. (4.13b), we can express δ as a function ofx:
Replacing this result in Eq. (4.13c) yields (for the second branch) λ as a function ofx: 16) where P 3 and P 2 are two polynomials inx that are respectively cubic and quadratic. They read 
This self-accelerating solution necessarily has g = ±H 6 √x 0 = 0 as well as a a corresponding value of δ = −f /λ given by
It is easily seen that, as −d 56 varies between 2 and +∞ (withx 0 taking any positive value), δ(x 0 ) will take all values in the interval ( We studied the one-parameter deformation of the latter self-accelerating solution defined by solving the cubic inx, Eq. )) at which point the corresponding value of λ 2 along this second branch coincides with the value of λ 2 along the first branch, as given by Eq. (4.9). In addition, the limiting value of δ = −f /λ along the second branch also coincides with its value along the first branch, i.e. δ(x → 0) = 1.
In other words, the c 2 -deformed one-parameter family of torsionfull second-branch solutions interpolates between the torsionfull self-accelerating solution and the torsionfree de Sitter solution of the first branch discussed above. However, the merging of these two branches of solutions is not smooth. It should be viewed as the transversal crossing of two curves that have a common point, with different tangents at the common point. We will use below the existence of the second branch of solutions as a conceptual tool to contrast the effect on the stability of cosmological perturbations of turning on a torsionfull background (second branch), versus having an always a torsionless one (first branch, along which g = 0 and f = −λ).
C. Expressing TG parameters in terms of the dimensionless parameters δ, h characterizing the de Sitter-like solutions
Above we discussed what are the equations that determine, in principle, how the physical quantities, f, g, λ, entering the self-accelerating solution (and its c 2 -deformation) depend on the basic parameters entering the TG action (such as α, α, c 2 , c 5 , c 6 , . . ., modulo the intermediate definitions (4.7)). However, in our stability analysis below, we will not directly need such relations. It will be more useful to work with the inverse relations, i.e., how to relate the parameters entering the TG action, such as c 2 , c 5 , c 6 , ξ ≡ α/ α to the dimensionless parameters δ, h characterizing our de Sitter-like solutions. From Eqs. (4.8a),(4.8b), (4.8c), we respectively get
Note that Eq. (4.24), together with the necessary inequality
In addition, Eq. (4.23), together with the necessary inequality c 6 > 0, Eq. (2.17), implies that we must have
We recall that the dimensionless ratio α/λ 2 is an extremely large number (while we assume that δ and h are of order unity). We will see below that the large number α/λ 2 can be scaled out of the perturbation equations, so that we shall be able to express the stability conditions only in terms of δ and h and a couple of other dimensionless parameters of order unity.
In the first relation (4.22) we must have ξ > 0 (see (2.17)), but 27) and the following lower bound on the square of h = g/λ:
where we used, in the last inequality, the fact that δ > 
V. PARAMETRIZATION OF COSMOLOGICAL PERTURBATIONS IN TG: SO(3), FOURIER, AND HELICITY DECOMPOSITION
The de Sitter-like background solutions considered above were expressed in a coordinate system where the spatial geometry is Euclidean. It will be convenient to first rewrite them in a conformally flat form, i.e.
where η = e −λt dt = − 1 λ e −λt is the conformal time, and
In terms of the basic variables of TG, say taken in the form e i µ and A ijµ , the background values of the TG fields readē0
These expressions differ from the ones written in Eqs. (4.3), (4.4) above because, on the one hand, the coordinate x 0 now refers to the conformal time η, and because we are now working with the connection components A ijµ , with a spacetime index as last index.
Then we can decompose, as usual [55] , the most general perturbations of these backgrounds into irreducible representations of the three-dimensional rotation group SO(3). As the most general representations of SO(3) that can appear in a decomposition of TG involve spins 0, 1 or 2 [42, 47] , we get the most general cosmological perturbation by allowing for all possible scalar, vector and tensor perturbations of the background fields (5.3), (5.4). We can parametrize these perturbations as follows:
and
The (conformally rescaled) perturbation of the inverse vierbein,
, and the perturbation of the connection, a ijµ ≡ A ijµ −Ā ijµ , will then be decomposed into scalars, vectors and tensors. The presence of an overall factor e φ(η) in front of the perturbed vierbein (5.5) allows one to compute the Riccitensor contribution to the gravitational field equation (3.2) by using the conformal transformation properties of the Ricci tensor. In addition, the connection curvature F ijkl (which depends on the vierbein only through a factor e k µ e l ν ) has a very simple conformal variance. The only quantity having a subtle conformal variance in the connection field equation (3.7) is the contorsion K ijk . Ref. [53] used these conformal variances to rewrite the field equations, Eqs. (24), (25) there. Note that the latter equations are numerically equal to the original field equations G ij , Eq. (3.2), and T ijk , Eq. (3.7), but expressed in terms of rescaled metric variables. Note also that the contribution proportional to the bare cosmological constant c 2 will not explicitly contribute to the perturbed field equations because it does not involve any explicit field variable, being only multiplied by − 1 2 η ij . It is convenient to use the two gauge freedoms of TG to restrict the forms of these perturbations. As indicated in [53] , one can use the local Lorentz freedom to render
where the indices must be considered simply as numbers between 0 and 3, and where we added a tilde on the first index to recall that it is a frame index. This completely fixes the freedom of local Lorentz rotations. In addition, we can use the diffeomorphism freedom to set the conformally rescaled metric perturbation h µν , defined by writing g µν = e 2φ(η) (η µν + h µν ), i.e.
into a zero-shift gauge (for the vector perturbations), and a "longitudinal" gauge [55] for the scalar ones, i.e. such that 9) and such that the perturbations are of the form
where the nonzero components of the scalar, vector and tensor parts are parametrized as scalar 00
Here the latin indices from the beginning of the alphabet are spatial Euclidean indices (a, b, c = 1, 2, 3), W a is a transverse vector (∂ a W a = 0) and π ab a transversetraceless (symmetric) tensor (∂ a π ab = 0, δ ab π ab = 0). In other words, after our gauge fixing, the gravitational perturbation ĩ µ contains 6 independent components: two scalars (Φ, Ψ), the two independent components of a transverse vector (W a ), and the two independent components of a transverse-traceless tensor (π ab ). Using the symmetry of the background under spatial translations, these irreducible pieces are then decomposed into spatial Fourier integrals of the type 15) so that, for instance, the vector piece becomes, in Fourier space,
On the other hand, the 24 independent components of the connection perturbation a ijµ are correspondingly decomposed into:
, and two (two-component) transverse-traceless tensors (τ ab and N ab )
with nonzero components (written directly in Fourier space):
In addition, the various vector and tensor Fourier pieces will be decomposed into their two independent (complex) helicity components (h = ±1 for a transverse vector and h = ±2 for a transverse-traceless tensor) according to the general scheme
are two complex combinations of two real unit vectors orthogonal to k, so that (e a 1 (k), e a 2 (k), k a /|k|) form a positively-oriented Euclidean orthonormal triad. Note in this respect the relations 24) that are instrumental when coding the projection of the original perturbation equations (involving vectors or tensors) into equations for their pure-helicity components.
VI. SCALING OUT THE LARGE PARAMETER
We already mentioned that the price to obtain, within TG, a cosmologically relevant infrared modification of GR is to allow for a large hierarchy between the parameters entering the general TG Lagrangian (2.2), see Eqs. (2.23), (2.24) . We assume that the other independent dimensionless parameter entering the terms quadratic in the F curvature in the action, namely c 3 , is comparable to c 5 and c 6 . As for the bare vacuum-energy parameter c 2 (when allowed for to deform the self-accelerating solution) it must be taken, in view of Eq. (4.22), as being much smaller than the Planck scale, namely
One might a priori think that the presence of such very large and very small parameters in the action will complicate the study of the cosmological perturbations of the de Sitter-like solutions discussed above. Let us, however, show that a suitable rescaling of the cosmological field equations allows one to write equations where all variables and all coefficients are of order unity. More precisely, the equations we shall use will only involve the following dimensionless parameters of order unity:
Indeed, let us consider the background variables η, δ, h as being of order unity, say O 0 (1), and let us also consider the perturbed variables i µ and a ijµ in Eqs. (5.5), (5.6) as being of order unity, say O 1 (1) (modulo some formally small expansion parameter, say, γ). Then, taking into account the fact that the cosmological scale factor e φ(η) = −1/(λη) involves the inverse of the Hubble expansion rate λ, the perturbed vierbein has a structure of the type
with an inverse of the type
The perturbed connection is found to have a structure of the type
where a denote the various components of a ijµ . For scaling out λ, what is important in the structures above is to distinguish the factors of λ from the other factors involving variables considered as being of order unity. We can denote any order-unity expression involving the background variables η, δ, h as O 0 (1), and any expression involving the perturbations , a (together with coefficients involving η, δ, h) as γO 1 (1), where γ is just a formally small book-keeping parameter. In other words, we have the structures
Using this notation, it is then successively found (keeping track of the presence or absence of vierbien factors raising or lowering frame indices) that
10)
Inserting these scalings in the field equations Eqs (3.2) , (3.7), it is then found that the rescaled parameters defined in Eqs. (6.2) are such that the rescaled field equations
where we formally defined c 1 ≡ ξ = α/ α, and
Note that the coefficients c 1 = ξ = α/ α and c 2 = c 2 /( αλ 2 ) are present only in the gravitational equations, but not in the connection ones.
From the practical point of view, the structures Eqs. (6.12), (6.13), mean that we can obtain conveniently rescaled perturbation equations
14)
simply by using the formal replacements λ → 1, α → 1, α → ξ, c n → c n in the computation of the perturbed cosmological equations. In addition to this scaling out of λ and α there is another useful scaling property of the perturbation equations. Indeed, as is usual in cosmological perturbation theory, the magnitude of the (conserved) spatial wavenumber k = |k| can (possibly at the price of the rescaling of some variables by some k factors to give them the same dimension) be everywhere combined with the conformal time η so that the perturbation equations involve only the variable
Here, k phys = k/a is the physical wavenumber, so that |z| = |kη| is seen as being equal to the ratio of the physical wavenumber to the Hubble expansion rate. [z is negative (like η), and increases towards the future.] In other words, 1/|z| is the ratio of the wavelength of the considered perturbation to the Hubble horizon radius. We will focus below on the study of the sub-horizon wavemodes, i.e in the region where |z| 1. These are indeed the crucial modes to consider in a stability analysis, as the superhorizon modes (|z| 1) evolve on a Hubble time scale. We are interested here in instabilities that evolve on a scale parametrically shorter than the Hubble time scale.
VII. HIGH-FREQUENCY, SUBHORIZON DISPERSION LAWS AND STABILITY ANALYSIS OF COSMOLOGICAL PERTURBATIONS
Before entering the details of our analysis of the stability of de Sitter-like solutions in TG, let us: (i) recall a few basic facts about high-frequency, subhorizon dispersion laws and their consequences for stability or instability of cosmological perturbations; (ii) sketch what will be our method for deriving dispersion laws in torsionfull backgrounds; and (iii) summarize in advance our main results (whose detailed derivation will be given in the next three sections).
A. High-frequency, subhorizon dispersion laws
As explained at the end of the previous section, we are interested here in exponential instabilities in the solutions of linearized perturbations that could evolve on a time scale parametrically shorter than the Hubble time scale. This corresponds to focussing on the behavior of sub-horizon modes in the region where |z| 1, where the time-like variable z, which was defined in Eq. (6.15), measures the ratio between the physical wavenumber and the Hubble expansion rate. We shall prove below (by a mathematical analysis of the perturbation equations) that, in the regime |z| 1, the general solution of the perturbation equations (for a given comoving wavenumber k, and for a given helicity) behaves as a superposition of eigenmodes (featuring various values of σ and β) of the form
Here, the power-law prefactor would be important to keep if we were interested in describing what happens when a sub-horizon mode becomes super-horizon, and to match it to the corresponding small-z solutions for superhorizon modes. However, such effects correspond to an evolution on the slow, Hubble scale. Our aim here is to discuss the instabilitities that could happen on time scales much smaller than the Hubble time. Therefore, we shall (mostly) neglect, in the following, such power-law corrections to the mode evolution. In such an approximation, the high-frequency mode (7.1) takes a simple plane-wave form, with respect to the conformal time η and the comoving spatial coordinates x, say
where the so-defined conformal-time frequency, ω, is (remembering the definition z ≡ kη) related to the eigenmode quantity σ via
As we will see, the eigenmode quantities σ come in opposite pairs σ ±α = ±σ α , where the index α takes 2 j different values, say α = ±1, · · · , ±j. We will have j = 2 for helicities +2 and 0, and j = 1 (apart from a gauge mode) for helicity +1.
[In addition, we will have j = 2 for helicity −2, and j = 1 (apart from a gauge mode) for helicity −1.] In view of the link (7.3) each such pair implies a dispersion law of the form 4) and the mass-shell condition determining the highfrequency propagation for the various helicity modes will then be a polynomial of the form
[For non-zero helicities, there are two such polynomials: one for positive helicity, and another (identical) one for negative helicity.] In flat spacetime, each free bosonic degree of freedom (d.o.f.) would have a dispersion law of the type ω 2 = +k 2 + m 2 , where m is the mass of the field. In the high-frequency, sub-horizon limit the massterm is negligible 5 , and yields a simplified dispersion law of the type ω 2 = +k 2 per d.o.f.. We note that such a high-frequency (large-z) dispersion law corresponds to an eigenvalue σ = ±i in Eq. (7.1) (we have set the velocity of light to one).
A value of σ which is pure imaginary, but different from ±i, say σ = ±i c s would correspond to a velocity of propagation c s different from the velocity of light. If we do not worry about the possible causality consequences of having superluminal propagation, all the cases where the eigenvalues σ are purely imaginary correspond to an absence of exponential instabilities. As we shall end up finding strong exponential instabilities, we will not worry here whether the modes that have no exponential instabilities are ghostlike or not. See, e.g., Ref. [25] for a review of the various instabilities in cosmology.
What we shall worry about are pairs of values of σ that are either real or complex (with a nonzero real part). Indeed, a real, or complex, eigenvalue σ = σ r + iσ i , with σ r = 0, implies a mode containing the real exponential factor e σrkη . (7.6)
As the σ eigenvalues always come in opposite pairs, this would always imply the presence of an exponentially growing mode. Such exponential instabilities, with a growth rate proportional to the spatial wavenumber are called "gradient instabilities", or "Laplacian instabilities". For the high-frequency, subhorizon modes we focus on, these are about the worst type of instabilities as they imply that 5 We are considering here a range of parameters for which the mass terms are comparable to the Hubble rate the smallest wavelengths grow with the fastest exponential rates. (see, e.g., Ref. [25] ). In particular, we shall find that vector perturbations contain a pair of real values of σ, say σ = ±c s . This corresponds to an imaginary propagation velocity, i.e. to the dispersion law that would exist in an Euclidean spacetime (ω 2 + c 2 s k 2 = 0 !) rather than in a Lorentzian one.
B. Method for deriving dispersion laws
We will discuss separately, and successively, tensor, vector and scalar perturbations around the torsionfull second branch of de Sitter-like solutions. For each helicity h, with h = ±2, ±1 or 0, we will start from an initial system, directly deduced from linearizing the field equations of TG around the considered background, of N h ordinary differential equations in z for N h unknowns. The values of N h will be N +2 = N −2 = 3, N +1 = N −1 = 7, and N 0 = 10. This initial system of equations involves up to second derivatives for some variables. We shall show, for each helicity h, how to transform this initial system (by eliminating some variables) into an equivalent system of n h first-order differential equations in n h unknowns, which we will write in matrix form, i.e. (using Einstein's summation convention)
Here, the values of n h will be n +2 = n −2 = 4, n +1 = n −1 = 3, and n 0 = 4, and the variables y For each helicity h, we shall show that the matrix of differential coefficients m 8) determine the characteristics of the eigenmodes (7.1) describing the large-z asymptotics of the general solution of the matrix system (7.7).
[In mathematical terms, we shall see that that z = ∞ is an irregular singular point of the differential system (7.7).] In particular, the values of the exponents σ entering the eigenmodes are the eigenvalues of the limiting matrix:
ij entering the O(1/z) term in (7.8) then determines the power-law exponents β in the modes (7.
simply as the following homogeneous polynomial, of degree n h , in ω and k:
When putting together helicities +h and −h, the dispersion law is the product Disp (h) (ω, k)Disp (−h) (ω, k), which is even in ω and k. [Actually, we will find that P Let us end this section by summarizing the end results for the dispersion laws of the various helicity sectors along the torsionfull de Sitter-like second-branch solutions, and by comparing them to the dispersion laws of the torsionless first branch. We give the results for positive helicities. The negative helicities have the same number of degrees of freedom, and the same dispersion laws.
The high-frequency dispersion laws along the torsionless first-branch are actually (as follows from the results of Refs. [48, 49] , and as we shall rederive below) the same as around a flat spacetime background, and directly follow from the known helicity content of TG excitations. 
(7.13) By contrast, the helicity h = 2 perturbations along the torsionless solution have the dispersion law
Note that this dispersion law has the same structure as (7.12) but with a value of the coefficient b tensor equal to 1. We shall see that the absence of exponential instability requires that b tensor ≥ 1.
Helicity
By contrast, the helicity h = ±1 perturbations along the torsionless solution have the dispersion law
In both cases the factor ω describes a gauge mode. Helicity h = 0 perturbations along the torsionfull solution (with n 0 = 4) have the dispersion law 19) where the two factors ω 2 − k 2 describe the propagation of the two helicity-0 d.o.f. (one being part of the massive spin-2 field, the other being a pseudo-scalar torsionrelated field). We note in passing that the dispersion law (7.18) describes the same number of d.o.f., though with strongly modified propagation properties (in particular the factor ω 2 describes modes having zero propagation velocities).
The stability properties of the perturbations along the torsionfull solution (linked to the signs of b tensor − 1, c vector and c scalar ) will be discussed in detail below. Let us only note here that the negative sign of c vector signals the necessary presence of gradient instabilities in the vector sector, and that the number of d.o.f. is the same, for all helicities, along torsionfull and torsionless backgrounds (or flat backgrounds).
VIII. STUDY OF TENSOR PERTURBATIONS AND OF THEIR STABILITY
A. Reduction to a linear system of four first-order ordinary differential equations
We start our analysis of the stability of the perturbations of the two branches of de Sitter TG solutions discussed above by considering the tensor sector. We explain in Appendix A below how we extracted from the perturbed rescaled field equations, i.e. the O(γ) contributions in G ij , Eq. (6.12), and T [ij]k , Eq.(6.13), three equations describing the coupled propagation of the helicity +2 components of the tensor perturbations π ab (describing the vierbein perturbation), and τ ab and N ab (describing the connection perturbation; see Sec. V).
We shall work with the following rescaled versions of the helicity +2 components of π ab , τ ab and N ab :
, and i N n ≡ N (+2) . The factor k −1
(with k ≡ |k|) is introduced to render F n dimensionless 6 , like K 1 and N n , while the factor i is introduced so as to get real propagation equations. We shall not explicitly deal with the helicity −2 components, because their propagation equations are obtained from the ones satisfied by the helicity +2 components by the simple change g → −g.
The three helicity-+2 variables K 1 , F n , N n satisfy the three linear equations
where the explicit forms of the expressions
Denoting henceforth a z-derivative by a prime, the structure of the three helicity-+2 equations reads One can find the behavior of the general solution of the system of tensor equations (8.2) (and, in particular, discuss the stability of its solutions) in the following way. We note that the equation E 3 = 0 involves the variable N n (z)
where now the coefficients are rational functions of z (and of the parameters). As the two other equations involve only at most the first derivative of N n (z), the replacement of the solution (8.4) for N n (z) leads to a linear system of two equations involving the second derivatives of K 1 and F n . In order to discuss, in a mathematically controlled way, the behavior of this 4th-order differential system, it is useful to solve this system for the highest derivatives, i.e., to write it in the form
Such a system is also equivalent to a linear system of four first order differential equations (in z) for the four variables
e. a first-order 4 × 4 matrix system of the type
where i, j = 1, 2, 3, 4 and where we use the summation convention.
B. High-frequency, sub-horizon dispersion laws
As discussed in the previous section, we are interested in controlling the solutions of the matrix system (8.6) in the large-z limit z → ∞, describing high-frequency subhorizon modes. [As we are dealing with rational functions of z, we can think of z as being eventually extended to complex values, and do not need to make clear whether infinity is reached from positive or negative values along the real axis.] As thoroughly discussed in the mathematical literature (see notably Ref. [56] ) the crucial mathematical question is whether z = ∞ is a regular-singular, or an irregular-singular point of the differential system. Actually, we found that in all the cases of interest here, z = ∞ is an irregular-singular point of the differential system. But it is of the least singular type (technically of rank 1 [56] ). More precisely, we find that the matrix m ij (z) has a finite limit as z → ∞, and that this limit, say m ∞ ij , is a diagonalizable matrix 8 . The general theory of complex differential systems (see Chapter XIX of [56] ) then proves that, modulo subleading power-law corrections, the general solution of the system (8.6) behaves as a linear combination of the eigensolutions of the system with constant (i.e. z-independent) coefficients
where m ∞ ij = lim z→∞ m ij (z). In other words, this proves that the general solution of the system (8.6) behaves, to leading order as z → ∞, as a linear combination of eigensolutions the type The four eigenvalues σ α (where α = 1, · · · , 4) describing the large-z behavior of the h = +2 modes are the roots of the characteristic polynomial of m ∞ ij , i.e.
As explained in the previous section, this corresponds, via Eq. (7.3), to a quartic dispersion law in ω and k given by
Note in passing that our mathematical analysis justifies (under the condition that the matrix of coefficients, m ij (z), of our first-order differential system has a diagonalizable limit at z = ∞) the result of what would simply be a WKB search for large-z solutions (large-z meaning physically large frequency, ω λ), with modes of the approximate form e σkη e ik·x = e iωη+ik·x (8.12) with a conformal-time frequency ω related (in view of z = kη) to the eigenvalue σ via Eq. (7.3). Let us note that the use of a WKB approximation for describing the large-z behavior of the solutions of our systems of ordinary differential equations (ODEs) is somewhat delicate. One might think that one would get the correct dispersion law simply by using the WKB ansatz, i.e. replacing the derivatives of all the variables according to the rules, 13) in the original system of equations (8.2) concerning the complete set of coupled variables, and then by computing the determinant of the resulting linear system of three algebraic equations for the three variables K 1 , F n , N n . The so-obtained WKB dispersion law would be defined, when considering, more generally, N such WKB-reduced equations in N unknowns as the determinant
However, we will see below, on explicit examples, that the naive WKB analysis of the original equations generally gives incorrect results, namely
where C allows for a proportionality constant, and where P N (σ) is the correct dispersion law, which is obtained by a characteristic polynomial of an asymptotically well behaved first-order system as in Eq. (8.10).
C. Stability analysis of the first branch of de Sitter-like solutions
To put in perspective the stability analysis of the second branch of de Sitter solutions (which include the selfaccelerated solution as a special point corresponding to c 2 = 0), let us start by discussing the tensor cosmological perturbations of the first branch of de Sitter solutions [48] (the one which needs the bare vacuum energy c 2 computed from Eq. (4.9) to sustain its expansion). This first branch has f = −λ and g = 0, i.e. δ = 1 and h = 0. From Eq. (4.5), we see that the background torsion vanishes along this first branch. The results of Refs. [48, 49] concerning the stability of torsionfree Einstein backgrounds guarantee that there will be no exponentially growing modes around this first branch. It is, however, useful to directly derive the dispersion law of the cosmological perturbations around this first branch by using the same equations and the same methods that we shall use for the second branch. This indeed provides both a check of our equations and of our methods.
The equations describing the tensor perturbations along the first branch of de Sitter-like solutions of TG are obtained by restricting the general equations given in Appendix A to the case δ = 1, h = 0. In that case, the three equations (8.2) simplify a lot and read
Solving for N n from the second Eq. (8.16) ( E 3 = 0) yields
Replacing this solution in the expressions E 1 and E 5 yields a system of two second-order ODEs for K 1 and F n whose large-z expansions read
Here we have also exhibited the terms of order 1/z 1 , to give an example of their effect compared to the leadingorder terms of order 1/z 0 . At the order O(1/z 1 ) included, this system of equations is decoupled, but the terms of order O(1/z 2 ) couple the z-evolutions of K 1 and F n . If we start by considering only the large-z limit of the above differential system, it yields (when written in first-order form, with y 1 = K 1 , y 2 = K 1 , y 3 = F n , y 4 = F n ) the 4 × 4 limit matrix The characteristic polynomial of this matrix (for the first branch, say B1) is
The four eigenvalues of this matrix are +i, −i, +i, −i, and the corresponding dispersion law reads
Note that this is exactly the same dispersion law as one would get (in the high-frequency limit) in a flat spacetime. It describes two bosonic d.o.f. propagating at the velocity of light. These two d.o.f. describe the helicity +2 mode of the usual massless Einsteinian graviton, together with the helicity +2 mode of the massive spin-2 field of TG. In flat spacetime, the exact version for all frequencies, of the above dispersion law would be
2 ) = 0, where m 2 denotes the mass of the spin-2 field, defined (on a flat background) by Eq. (2.19). Note that we considered here only the helicity +2 modes. The helicity −2 modes would add two more bosonic d.o.f., with the same dispersion law.
Let us also briefly discuss the effect of the subdominant O(1/z) contributions in the large-z expansion of the matrix, i.e. the terms 2 z K 1 and 2 z F n in Eq. (8.18), corresponding, more generally, to the terms denoted n (h) ij z in Eq. (7.8). As briefly mentioned in the previous section, such terms modify (for the present, rank-1 case) the leading-order exponential factor e σz associated with each eigenvalue of m ∞ ij by a logarithmic term in the exponent, i.e. a power-law correction to the e σz behavior:
Let us illustrate this general fact in the simple case of the differential system (8.18) . In that case, the exact solutions of the above system (truncated at the O(1/z) level included) are easily found to be
where the final O( 1 z ) term would be sensitive to the O( 1 z 2 ) contributions in m ij (z), while the correcting power-law factor z is entirely determined by n (h) ij z . As already mentioned, such power-law correction factors evolve on the slow, Hubble scale, while our aim here is to discuss the instabilitites that could happen on small scales. Therefore, we shall focus, in the following, on the high-frequency dispersion law derived from the limiting matrix m ∞ ij . Let us also use the simple case of the branch-1 tensor perturbations to give an explicit example of the possible failures of a direct WKB analysis of the original equations. If we apply the WKB ansatz (8.13) directly in the original system (8.16), we get three equations for three unknowns (K 1 , F n , N n ), and a computation of the large-z behavior of its WKB determinant (8.14) yields
(8.24) This result differs from the correct result (8.20) through the second factor involving a c 5 modification of the factor σ 2 + 1. Note that this failure occurs in spite of the fact that the solution for N n in terms of the other variables, Eq. (8.17), is such that N n has the same large-z asymptotic behavior (8.22) as K 1 , F n (including when considering the power law subleading term). On the other hand, if one first solves (as discussed above) for the variable N n by using equation E 3 = 0, and replaces this solution in the two other equations, and then performs a direct WKB analysis of the resulting system of two second-order equations for K 1 , F n (without putting it in the form of Eq. (8.5), or Eq. (8.6)), one gets the correct dispersion law (8.20) . However, it was necessary to reduce the system to the first-order form (8.6) to prove that there existed such WKB-type solutions having the asymptotic behavior (8.22). As indicated above, one can easily compute the subdominant power-law behavior from the first-order system (8.6).
One conclusion is that it is crucial to eliminate any auxiliary field when performing a WKB analysis. Indeed, in the present case, we have a system whose physical initial data should include four independent data (corresponding to a dispersion law that is quartic in σ or ω).
D. Stability analysis of the second branch of de Sitter-like solutions
Let us now consider the second branch of solutions, for which, in general δ = 1, and, most crucially, h = 0. In that case, one must use the full form of the three tensor perturbation equations given in Appendix A. The structure of these equations was delineated in the Subsec.VIII A above. The method to control the structure of the solutions was already indicated in Eqs. (8.2), (8.4), (8.5) above, and is conceptually the same as the one used along the first branch. We eliminate N n by solving the second equation of the system, with a result of the form N n = N Nn /D Nn with, now, 25) and
However, the final matrix m ij (z) of the first-order system (8.6) is much more involved than along the first branch.
As explained above, we shall only consider here the largez limit of m ij (z).
In the case of the first branch, m ∞ ij happened to be independent of both the parameters entering TG (such as ξ, c 5 , c 6 , · · · ) and the parameters entering the background solution. However, this is no longer the case along the second branch. In that case, m ∞ ij depends both on ξ, c 5 , c 6 and on δ, h. As a consequence, the dispersion law (i.e. the characteristic polynomial of m ∞ ij ) depends also on these parameters. We find that the dispersion law along the second branch of cosmological solutions is again a fourth-order, bi-quadratic polynomial in σ, with the following structure Note that we cannot, in general, relate ξ to δ and h because of the influence of the bare vacuum energy in Eq. (4.22) . It is only for the special, self-accelerating solution (which has c 2 = 0) that one can compute ξ as a function of δ, h. We then find (as already announced in section VII)
(8.29) Several facets of this result should be emphasized. First, we note that all the factors in the numerator of this expression are constrained to be positive (recalling the lower bound (4.26) on h 2 ). Therefore the sign of b tensor (δ, h, ξ) − 1 (and therefore, as discussed below, the stability) is determined by the last factor in the denominator, i.e.
Requiring stability, i.e. a positive sign, then gives an upper bound on h 2 . Second, we note that all the factors entering b tensor (δ, h, ξ) − 1 vanish when considering the limit of torsionfree backgrounds (characterized by the double condition δ = 1 and h = 0). To see this better, let us defineδ
We can then rewrite Eq. (8.29) as
(8.32) In other words, b tensor (δ, h, ξ) − 1 has a 0 0 structure near zero torsion, which shows that the presence of torsion (even in infinitesimal amount!) in the background drastically, but subtly, affects the structure of the dispersion law.
In particular, we can study the limiting behavior of b tensor (δ, h, ξ) as the second branch approaches its crossing with the (torsionfree) first branch. Indeed, we see from the general equation (4.14) that, if we keep fixed the TG parameters c 5 and c 6 , δ must approach 1 as h → 0 in the following way: As c 6 can take any positive value, the coefficient a can be either positive or negative (but > −1). Inserting the expansion (8.33) in the above expression for b tensor (δ, h, ξ) − 1 yields
The first important fact to notice is that, in the limit where the second branch approaches the torsionfree first branch (h → 0), we get lim b tensor = 1, so that the tensor dispersion law along the second branch tends to
which coincides with the dispersion law along the first branch.
[We shall see later that such a continuous behavior applies neither to the case of the helicity-1 perturbations, nor to the helicity-0 ones.] However, as soon as h = 0 we will have a modified dispersion law with lim b tensor = 1. As we shall have several dispersion laws of this type, let us discuss the general conditions for the stability of perturbations satisfying a law of the form of Eq. (8.27), i.e., in more physical terms
The solutions of this bi-quadratic equation are 40) with
In order to avoid any instability we need C ± to be real and positive. It is easily seen that this requires
In this case we will have one mode propagating with a velocity greater than one (i.e. superluminal) and another mode propagating with (an inverse) velocity, smaller than one (subluminal). We shall not worry here about the physical consistency of having superluminal velocities. What is most important is to have some type of hyperbolic propagation of perturbations. From the expansion (8.37) of b tensor near its crossing with the (stable) first branch (which had b ≡ 1), we see that the second branch, depending on the sign and magnitude of 1 + a can, near this crossing, either be stable, or exhibit some gradient instabilities. Let us now consider the stability properties of the second branch all over the relevant parameter space. For tensor perturbations around a generic point along the second branch, b tensor depends on the three parameters δ, h, ξ. Using Eq. (8.30) we see that a necessary condition for stability, i.e. for b tensor − 1 > 0, is an upper bound on h 2 which reads as follows in terms ofδ
Moreover, we recall that we have also the following necessary lower bound (4.26) on h 2 (coming from the positivity of c 6 )
It is easily checked that, though the full range of variation ofδ ≡ δ − 1 is a prioriδ > − 1 2 , the above two necessary stability constraints imply that δ > 0 ; i.e. δ > 1 .
(8. 45) We conclude that, for any given value of ξ > 0, the stability region in the δ, h plane, along the second branch is a curved wedge between two hyperbolas defined by the inequalities
This region (shown as blue online in Fig. 1 ) starts as a thin vertical line at their lower tip δ = 1, h = 0, because the two curves defined by the two sides of the latter inequalities have a similar parabolic shape h 2 ∝δ near their common tip δ = 1, h = 0.
The latter stability region refers to the one-parameter family of solutions along the second branch. The interest of this family is that it connects the torsionfree case δ = 1, h = 0 (corresponding to the tip of the latter stability wedge) to the self-accelerating solution (which must stay away from the latter tip). Let us now consider the stability region of the self-accelerating solution itself. In that case we must take into account that ξ is not anymore a free parameter along the self-accelerating solution but is related to δ, h via Eq. (4.27). Inserting the value of ξ derived from the latter link, i.e. 47) in the stability condition b tensor − 1 > 0, we find as condition for stability
It is easily checked that this inequality can only be satisfied when δ is larger than the largest root of 2δ
Then, in the domain δ > δ min , the stability region of the self-accelerating solution is defined by the single inequality 50) which is indeed found to imply the lower bound (4.26).
In Fig. 1 we represent both an example (for ξ = 10) of the stability region along a generic member of the second branch (blue region on line), and the stability region of the self-accelerating solution (brown on line). Note that the two uppermost region-bounding curves in this figure mark a limit of their respective stability regions where the denominator of b tensor − 1 > 0 changes sign. This means that these upper boundaries are singular, with b tensor − 1 → ±∞ on either side. By contrast, the lower boundary of the (wedge-like) stability region of the generic second branch corresponds to the vanishing of the numerator of b tensor − 1. This would correspond to a limit where the dispersion law is the same as in flat spacetime. However, this limit also corresponds to a degenerate limit where c 6 → 0.
IX. STUDY OF VECTOR PERTURBATIONS AND OF THEIR STABILITY
A. Symmetry of the gauge-fixed vector perturbation equations
We continue our study of cosmological perturbations in de Sitter-like TG solutions by considering the vector perturbations. While the tensor perturbations involved only three variables, the vector perturbations now involve seven (transverse vector) variables: one (W a ) in the vierbien perturbation, and six others (ζ a , ν a , µ a , κ a , A a and L a ) in the connection perturbation.
Let us first mention that the system of vector equations has a certain symmetry that we have used as a check on our derivation. This symmetry is a residual symmetry after the (incomplete) gauge-fixing that we used. We have gauge-fixed the vector sector of the coordinate freedom by imposing the zero-shift condition (5.9). However, this condition will still be satisfied if we perform a time-independent helicity-1 spatial (infinitesimal) coordinate transformation x µ = x µ + ξ µ with ξ 0 = 0 and ξ a C = −C a e ik·x (with k a C a = 0). Such a diffeomorphism will act both on the vierbein and the connection as
As a consequence the spatial part of the vierbein will get out of the symmetric gauge (5.7). We must therefore apply an additional compensating infinitesimal Lorentzrotation transformation ω C ab which is found to be (with
Finally, the combined coordinate-plus-Lorentz transformation δ tot which preserves our gauge-fixing is found to act on the vierbein and the connection as (henceforth suppressing the e ik·x factor, and denoting symmetrization as
Using these formulas, we can compute how the above symmetry transforms the various vector variables parametrizing the perturbed vierbein and connection, e.g. we have:
We can further decompose C a into its helicity pieces:
, and thereby derive separate symmetries of the helicity-±1 variables given by
We have checked that the vector perturbation equations we derived are invariant under these correlated shift symmetries of the vector variables.
B. Reducing the vector perturbations to a linear system of three first-order ordinary differential equations
The obtention of the dispersion law for vector perturbations is more involved than the case discussed above of tensor perturbations. The first reason is that we have to deal with more variables: seven instead of three. As in the tensor case, the perturbations equations for helicity +1 decouple from those for helicity −1.
In all, one can derive ten vectorial equations from the gravitational and connection equations. However, we found that the helicity±1 projections of the Bianchi identities of TG (explicitly worked out in [53] ) imply that there are (for each helicity) three identities among these equations. It is therefore sufficient to use only seven (independent) equations among the ten vector equations. It is also sufficient to deal only with the helicity +1 sector.
The seven, helicity +1, equations we worked with are given in Appendix B. As in the case of tensor perturbations, we use the rescaled field equations G ij , Eq. (6.12), and T [ij]k , Eq.(6.13). In addition, we scale out k and use as independent variable z = kη. The notation in Appendix B is the following: there are four vectorial connection equations, which are denoted V 1 , V 2 , V 3 , V 4 , and three gravitational equations denoted V 5 , V 6 and V 7 . The vector helicity +1 variables entering these equations are respectively denoted (keeping close to the notation used for the corresponding vector variables W a , ζ a , etc.):
First, we simplified these equations by replacing, respectively, A 1 and µ 1 by the new variables A 3 and µ 3 defined so that
In terms of these new variables, we find that, among the seven equations V i , i = 1, · · · 7, four of them are algebraic in the four variables ζ 1 , ν 1 , κ 1 and L 1 . More precisely V 2 , V 5 , V 6 and V 7 depend only on the variables
When h = g/λ = 0 one finds that one can solve the set of four equations {V 2 = 0, V 5 = 0, V 6 = 0, V 7 = 0} in the four variables {ζ 1 (z), ν 1 (z), κ 1 (z), L 1 (z)}, so as to get
(9.14)
Here, R ζ etc. are linear functions of W 1 , A 3 , µ 3 ; W 1 , A 3 , µ 3 that are rational in z (and the TG parameters).
In addition, the remaining three equations V 1 , V 3 , V 4 originally depended on the following set of variables
(9.16)
(9.18)
(9.20)
When inserting the solutions (9.11) into the above equations V 1 , V 3 , V 4 (we denote the results as
At this stage, we have three equations for three unknowns (W 1 , A 3 , µ 3 ), depending on the following variables
By algebraically combining these three equations, we can eliminate W 1 in two of these equations. Actually, the third equation so obtained, namely a combination to eliminate W 1 from our system of three equations. After these operations, we get a system of three equations involving only the variables
This system is not quite our final system because one finds that it does not behave fully properly in the largez limit. However, if we replace the variable µ 3 by the variable
one ends up with a system of three first-order equations in 25) which, when solved for first derivatives, yields a matrix system of the form 26) where the matrix m ij (z) has the same good property as the matrix obtained in the tensor case discussed above. Namely, the matrix m ij (z) has a finite limit, m We can then apply the same mathematical results [56] used in the tensor case above. The limiting system (with constant coefficients) 27) where m ∞ ij = lim z→∞ m ij (z), will describe the large-z asymptotics of our solutions (modulo power-law corrections). We therefore conclude that our solutions behave, for large−z, as a linear combination of eigensolutions of the type
where σ is one of the three eigenvalues of the 3×3 matrix m ∞ ij , and v i the corresponding eigenvector. The problem of the stability of vector perturbations is thereby reduced to the purely algebraic question of computing the characteristic polynomial of the 3 × 3 matrix m ∞ ij = lim z→∞ m ij (z). And the dispersion law for highfrequency vectorial modes is simply given by equating the latter characteristic polynomial to zero
The computation of the latter characteristic polynomial yields a cubic dispersion law of the form 30) whose physical form (in terms of ω and k) was written in Eq. (7.15) above. As already announced, we found that the constant c vector is given by
This dispersion law applies all along the second branch. Note that it depends neither on the parameter ξ (which is independent from δ and h along the second branch) nor on the parameter c 35 (which enters the vectorial perturbation equations). The cubic dispersion law (9.30) has three roots: σ = 0 and σ = ± √ −c vector . The vanishing root is a gauge mode which is already present in the flat space case (see below), and which corresponds to the shift symmetry by the constant vector C a discussed above. To have stability we would need to have only pure imaginary roots for σ = iω/k. This would require c vector ≥ 0. However, we see that −c vector is a square, so that we have the two real roots
These real roots correspond to gradient instabilities (in the helicity +1 sector). The same roots are also present in the helicity −1 sector (together with the gauge mode σ = 0). The only way to avoid these (strong) gradient instabilities would be to tune the parameters of TG so that
33) It is possible to tune c 6 and c 5 so as to satisfy the constraint (9.33). Indeed, if we impose
Eqs. (4.23), (4.24) , will imply the condition (9.33). One can see that there is a one-parameter family of such solutions, with δ varying between 1 2 and 1 (and h 2 correlatively varying between 3 4 and 0). However, the problem is that δ being always ≤ 1 along this family of tuned solutions, the tensor dispersion law will necessarily be in the unstable region. Indeed, Fig. 1 (and the text around) showed that a necessary condition for tensor stability along the second branch is δ > 1. Note, in particular, that the self-accelerating solution itself was found to require δ > 1.78078 (see Eq. (8.49)) and cannot even be tuned to reach the values δ ≤ 1 needed for vector stability. This shows the necessary instability of the selfaccelerating solution.
D. Dispersion law for vector perturbations along the first branch of de Sitter-like solutions, and near the crossing between the two branches
It is finally interesting to consider the limit where the second branch of solutions approaches (and crosses) the first (torsionless) branch (along which δ = 1 and h = 0). First, we note that the quantity c vector entering the dispersion law (9.30) has a singular 0 0 structure at its crossing with the first branch. If, however, we use the local expansion (8.33) for δ around this crossing, we find that the roots in σ behave as
The limit at h → 0 does exist and corresponds to the dispersion law
Two remarks are in order here. On the one hand, the marginally stable dispersion law σ 3 = 0 (i.e. ω 3 = 0) turns into a gradient instability as soon as h = 0, and, on the other hand, this differs from the dispersion law which holds all along the first branch, i.e. when h = 0 and δ = 1.
We have computed the dispersion law along the first branch by using the same method as used along the second branch. This requires a separate computation because the presence of denominators h 2 in the second-branch dispersion law corresponds to the fact that the elimination of the algebraic variables {ζ 1 (z), ν 1 (z), κ 1 (z), L 1 (z)} discussed above cannot be done in the same way. Indeed, one finds that the determinant entering the solution for these four variables vanishes when h → 0. In the case (first branch) where h = 0 from the start, one has to proceed slightly differently. One can, however, first eliminate the three variables {ζ 1 (z), ν 1 (z), κ 1 (z)}. This yields four equations for the four unknowns L 1 , W 1 , A 3 , µ 3 . One then finds that, among the correspondingly reduced four remaining equations, there is an equation which is algebraic in L 1 . One can then eliminate L 1 as a second step. This yields three equations for W 1 , A 3 , µ 3 . As before the latter system can be written as a first-order system of the same form as (9.27) . Let us only cite here the resulting dispersion law along the first branch. It is found to be
Note that the latter dispersion law is: (i) stable (purely imaginary roots, apart from the gauge mode σ = 0); and (ii) coincides with the (high-frequency limit of the) flat spacetime one, i.e.
The latter dispersion law is indeed the high-frequency limit of
(where m 2 denotes as above the mass of the massive spin-2 TG field) that describes, apart from the gauge mode ω = 0, the helicity-+1 projection of the massive spin-2 excitation, which is (together with its helicity-−1 counterpart) the only physical, propagating vector mode.
[There are no physical vectorial degrees of freedom in the pure helicity-±2 massless graviton.] The extra solution ω = 0 corresponds to the gauge-mode solution parametrized by C a , discussed above. Let us emphasize that the first-branch dispersion law (9.38) does not coincide with the h → 0 limit of the dispersion law along the second branch. Indeed, c This shows again that a torsionfull background (even an infinitesimal one) is a highly non trivial modification of the flat space dispersion laws in TG, which is prone to introducing instabilities that do not occur in torsionfree backgrounds.
X. STUDY OF SCALAR PERTURBATIONS AND OF THEIR STABILITY
Finally, we come to the study of scalar perturbations and of their stability. We will be briefer than for the other perturbations, both because their treatment is similar to what we explained above for the tensor and vector perturbations, and because a detailed discussion of scalar perturbations has been recently given by one of us [53, 54] . We shall mainly comment on the differences between the present treatment and the one given in the latter references.
A. Deriving a linear system of four first-order ordinary differential equations from the ten scalar perturbations
As explained in Section V above, there are ten scalar variables: two, Φ, Ψ, parametrize scalar perturbations of the vierbein, and eight, ξ, χ, σ, ρ, θ, Q, u, M , parametrize scalar perturbations of the connection. A difference with the treatment in Refs. [53, 54] is that the variables used there to parametrize perturbations were defined so as to parametrize the variations in the contorsion K ijµ (Kparametrization), rather than in the connection A ijµ (Aparametrization). This amounts to a conceptually unimportant redefinition of variables, involving some mixing between vierbein and connection variables. [ We have checked that one gets the same final results using either the K-parametrization or the A-parametrization.] The precise connection between the variables denoted by the same letters as here in Refs. [53, 54] and the variables used here is
As discussed in Refs. [53, 54] , the scalar projection of the perturbed field equations yields fourteen equations for the ten scalar variables. However, there are four Bianchi-like identities between these fourteen equations. This leaves one with ten independent equations for the ten scalar unknowns. We give in Appendix C the ten independent scalar equations we have used, expressed in terms of our current A-parametrized variables, and in terms of rescaled parameters (and unknowns) and of the variable z = kη. [We do not put a superscript A on our variables.] Actually, following Refs. [53, 54] , we shall work with suitable combinations of the equations in Appendix C and of their derivatives. Indeed, two (and only two) among the equations given in Appendix C contain second derivatives of scalar variables (namely the eighth equation, which involves χ , and the ninth, which involves ρ ). However, by suitable combinations of the equations and their derivatives one can replace the latter two equations by two other equations involving (as the eight other ones) only first derivatives of the scalar variables. At this stage, we have therefore a system of ten equations which involve at most the first derivatives of the scalar variables. In a second stage, we can combine equations of the latter system so as to define two combinations that are purely algebraic, i.e. that involve no derivatives. [The explicit expressions of these two algebraic equations have been given in [53] . By using the transformations (10.1) above, one can reexpress them in terms of our A-parametrization variables.] At this second stage, we have therefore eight equations, say E 1 , E 2 , · · · , E 8 , involving first derivatives and two algebraic equations, say AE 1 , AE 2 , involving no derivatives. We then found convenient to deal with this system of equations in the following way (which differs both from the methods used above, and from the one used in Refs. [53, 54] ).
First, we redefine our scalar variables as follows, and separate them in two different groups, denoted y I with I = 1, 2, · · · , 6 and y A , with A = 7, 8, 9, 10: {y I } I=1,··· ,6 : y 1 = Ψ ; y 2 = z −1 χ ; y 3 = Q ;
where the z-dependent rescaling of χ is necessary to end up with a differential-coefficient matrix m ij (z) having a finite limit when z → ∞, and {y A } A=7,··· ,10 : y 7 = σ ; y 8 = ξ ; y 9 = Φ ; y 10 = θ . (10.3) This separation in two groups is linked to the following facts [53] : the variables of the second group enter equations E 1 , E 2 , · · · , E 8 only algebraically, and do not enter the two algebraic equations AE 1 , AE 2 , which only involve the variables of the first group.
As a consequence of the latter facts, we can usefully consider the following system of twelve equations
These twelve equations define a system of equations for the following twelve unknowns: The system (10.6) is the analog of the tensor and vector systems (8.6), (9.26) . Thanks to our redefinition of the variable y 2 , we find that the 4×4 coefficient matrix m ij (z) entering this system has a finite limit at z → ∞. As before, we conclude that the dispersion law for scalar perturbations is given by the characteristic polynomial of the 4 × 4 coefficient matrix m
The explicit computation of this scalar dispersion law is found to be
i.e., in terms of ω and k,
The quantity c scalar is found to be given by the complicated expression 10) with
[As a numerical check on the above expressions, note that c scalar (1, 2, 3) = −13/25, corresponding to N scalar = −3276, and D scalar = 6300.] Several remarks are in order concerning this scalar dispersion law. Let us first emphasize again that Eq. (10.8) gives the scalar dispersion law all along the second branch of solutions (i.e. without assuming that ξ is related to δ and h). Therefore, it could a priori depend not only on the background-solution parameters δ and h but also on ξ (as had happened for the tensor dispersion law, Eq. (8.29)). However, it happens not to depend on ξ. [More precisely, one finds that, when expanding the characteristic polynomial of m ij (z) in inverse powers of z, the value of ξ starts affecting the evolution of the scalar perturbations only at order O(1/z 2 ).] On the other hand, contrary to the previous (tensor and vector) dispersion laws, it depends on a TG parameter that did not enter the previous dispersion laws, namely c 35 ≡ c 3 /c 5 . Let us remark that the scalar dispersion law derived here, Eq. (10.8), has the same general structure as the result obtained in Ref. [54] , which had studied, like here, the case where the torsion background is comparable to the Hubble scale, i.e. the case where both δ and h are of order unity. [One cannot directly compare with the previous result of Ref. [53] which had considered a parametrically different case.] However, the specific value of the constant c scalar derived here differs from the (simpler) value, namely c scalar N = 2δ + 1, given there (see the Λ → 0 limit of Eq. (33) in Ref. [53] ). A reexamination of the derivation in Ref. [53] has allowed us to locate a coding misprint. After correcting it, it was found that the method used in Ref. [53] leads to the value of c scalar given in Eq. (10.10) above. Note that this qualifies the conclusion of Ref. [53] that the scalar perturbations have no exponential instabilities. Actually, as we shall show next the quantity c scalar (δ, h, c 35 ) is positive in part of the parameter space (corresponding to stability), but negative in other regions (where there are gradient instabilities).
Let us also emphasize a significant difference between the dispersion law Eq. (10.9) and the dispersion law for scalar perturbations along torsionless backgrounds. As already mentioned in Sec. VII, the latter dispersion law is 13) where the two factors ω 2 − k 2 describe the propagation of the two helicity-0 d.o.f. (one being part of the massive spin-2 field, the other being a pseudo-scalar torsionrelated field). By comparing with Eq. (10.9), we see that while two modes that propagated at the speed of light around a torsionless background now propagate at the modified velocity √ c scalar (when it is real), two other modes that propagated at the velocity of light now propagate with zero velocity (factor ω 2 instead of ω 2 − k 2 ). This shows again the drastic effect of having a torsionfull background.
Let us emphasize that the dispersion constant c scalar (δ, h, c 35 ) has the same 0 0 structure near torsionfree backgrounds that we found above for tensor and vector dispersion laws. Indeed, it is easily checked that, when δ → 1 and h → 0 both the numerator N scalar and the denominator D scalar tend to zero. However, if we consider the specific limit (8.33) corresponding to approaching the torsionfree case along the second branch, we find the following limiting behavior
(10.14) We therefore have tensor stability (c scalar > 0, see next subsection) in the vicinity of torsionfree backgrounds. However, we do not have a continuous behavior of the helicity-0 dispersion law in the vicinity of torsionfree backgrounds. Indeed, the limit of the torsionfull dispersion law (10.9) as δ → 1 and h → 0 is ω As we found above that there were necessary instabilities in the vector sector, it is not worth discussing in full detail which regions of parameter space lead to stability in the scalar sector. Let us only say that, for each given value of c 35 , there is an infinite region of the δ, h plane where there are no exponential scalar instabilities. The shape of the stable region remains qualitatively similar, though it undergoes very significant quantitative changes, as c 35 varies. Let us only give one specific example of stability region in the δ, h plane, namely the one corresponding to the specific case c 35 = −2. The corresponding scalar stability region in the δ, h plane (for the second branch) is shown (blue on line) in Fig. 2 . When restricting our attention to the self-accelerating solution, we must further restrict the parameters by the inequality h 2 > δ 2 + δ, Eq. (4.28). Restricting to the region above the hyperbola h 2 −δ 2 −δ = 0 (displayed as brown on line) cuts off part of the previous stability region, as shown in Fig. 2 .
XI. CONCLUSIONS
We have studied linearized perturbations of de Sitterlike solutions in a class of geometric theories (called Torsion Gravity, or TG) that generalize General Relativity by including a propagating torsion in addition to the usual Einsteinian metric. The class of TG theories we considered contains six parameters, including a vacuumenergy parameter c 2 . When considered either on a flat background (when taking c 2 = 0), or on a torsionfree de Sitter background (when c 2 = 0), these theories were found in previous work to be ghost-free and tachyon-free, and to feature, as propagating fields, both massive spin-2 and massive spin-0 excitations, in addition to the Ein-steinian massless spin-2 field.
We considered the two different branches of de Sitterlike solutions admitted by this class of TG theories. The exponential expansion of the first branch of solutions (which had already been studied in [48] ) is sustained by the vacuum energy c 2 , and these solutions have zero torsion. On the other hand, the second branch of solutions has a non-zero torsion, and its exponential expansion is jointly sustained by its torsion background and by the vacuum-energy parameter c 2 . This second branch can interpolate between a torsion-free background, and a self-accelerating torsionfull solution [52] whose expansion is entirely sustained by the torsion background (with c 2 = 0). We contrasted the properties of the cosmological perturbations in these two branches of solutions as a way to understand the influence of a torsion background on the stability of the de Sitter-like solutions.
The main new finding of the present paper is that the presence of a torsion background (and even an infinitesimal one) generically creates gradient instabilities in the vector sector of the cosmological perturbations. See Eqs. (9.30), (9.31) . No tuning of the TG parameters can kill these instabilities without creating instabilities in the other sectors. We have also studied the cosmological perturbations in the tensor and scalar sectors. The tensor sector has no exponential instabilities if the quantity b tensor − 1, Eq. (8.29) is positive. We found that this will be the case in a large region of the TG parameter space. Along a general solution of the second branch the tensor-stability region in the plane of δ = −f /λ and h = g/λ depends also on the theory parameter ξ = α/ α. It is illustrated in Fig. 1 for the value ξ = 10. The tensor-stability region for the self-accelerating solution (with c 2 = 0) covers also a large part of the δ, h plane. See Eq. (8.50) and Fig. 1 . We finally discussed the stability of scalar perturbations. Like tensor perturbations, scalar perturbations were found to have no exponential instabilities in a large part of parameter space, defined by c scalar > 0 with c scalar defined in Eqs. (10.10), (10.11), (10.12). The scalar-stability region depends on three parameters: δ, h and c 35 . It is illustrated (both for the general second branch and for the self-accelerated solution) in the specific case c 35 = −2 in Fig. 2 .
In the course of our study we compared and contrasted the (linearized) (in)stability of torsionfull de Sitter-like solutions to the (linearized) stability [48, 49] of torsionfree solutions. This comparison showed the drastic effect on stability of having a nonzero torsion background. While torsionfree backgrounds exhibited (in the highfrequency limit) the same dispersion laws as flat spacetime, the presence of even an infinitesimal torsion background drastically affected the dispersion law by introducing, in the dispersion laws, quantities having a 0 0 structure in the vanishing torsion limit. This structure is connected with some discontinuities (as the torsion goes to zero) in the dispersion laws. Only the tensor dispersion law has no discontinuity between a torsionfree background (first branch) and a torsionfull one with infinitesimal torsion. The common limit of the (high-frequency) dispersion law is (ω 2 − k 2 ) 2 = 0. By contrast, while the torsionfree dispersion law for vector perturbations is ω(ω 2 − k 2 ) = 0, the corresponding vector dispersion law around an infinitesimal torsion background becomes ω 3 = 0. Similarly, while the torsionfree dispersion law for scalar perturbations is (ω 2 − k 2 ) 2 = 0, the corresponding scalar dispersion law around an infinitesimal torsion background becomes ω 2 (ω 2 −3k 2 ) = 0. These discontinuous differences with the dispersion laws for linearized perturbations around a torsion-free background are linked with the presence of instability-related 0 0 structures in the perturbations around both torsionfull and torsionless backgrounds. Indeed, at the crossing between the two branches, the quantity 1 + 4 c 5 vanishes, see Eq. (8.35) , and this corresponds to the vanishing of the quantity c 5 κ that is crucially related to the stability of the torsionless branch (see notably Eqs. (9), (11), (22) , and (30) in Ref. [49] ).
The overall conclusion of the present work is that a torsionfull background is a highly non trivial modification of the propagation properties of perturbations in TG. Further work is needed to see if generic torsionfull backgrounds are prone to introducing instabilities, or if the instabilities we found are mainly due to the (generalized) self-accelerating nature of the special de Sitter backgrounds we considered. There is, however, the good news that in all cases, and in spite of significant modifications in the algebraic structure of the equations for perturbations, the presence of a torsion background left intact the number of propagating degrees of freedom. In other words, TG seems to be insensitive to the BoulwareDeser-type instability phenomenon [50] that generally affects theories containing a massive spin-2 excitation.
tions for the coupled propagation of the three tensor excitations π ab , τ ab and N ab , we must consider which equations among the perturbations of the full (rescaled) field equations (i.e. the O(γ) contributions in G ij , Eq. (6.12), and T [ij]k , Eq.(6.13)) contain such tensor contributions. Denoting spatial indices as a, b, c, d = 1, 2, 3, one easily sees that there are only three "two-index" rescaled equations, namely G ab , T 0ab and the dualized version of T abc , i.e. T * dc ≡ ε abd T abc , which can provide three tensor equations for our three tensor unknowns π ab , τ ab and N ab . The next step is to decompose these tensor equations into their helicity ±2 components. When doing so, we indeed found that the latter three equations do contain helicity ±2 irreducible pieces constraining the propagation of the three tensor excitations. We recall that the helicity ±2 components of any two-index tensor are defined so that, for instance, π ab = π (+2) e [A non-symmetric two-index tensor, such as G ab , does not even need to be explicitly symmetrized over ab to be decomposed into helicity-±2 components because its antisymmetric part, being dual to a vector, will not contain any helicity-±2 piece.]
We extracted the helicity ±2 components of the expressions G (ab) , T 0(ab) and T * (ab) by inserting the helicity decompositions of π ab , τ ab and N ab in these expressions. Then, the use of coding rules to express the pure-helicity character of e ab ± allows one to extract the coefficients of e ab ± in the equations. An alternative (equivalent) way would have been to contract the live tensor indices of the above mentioned two-index tensor equations by After this helicity decomposition, we get, on the one hand, three coupled equations for the helicity +2 variables, π (+2) , τ (+2) and N (+2) , and, on the other hand, three coupled equations for the helicity −2 variables, π (−2) , τ (−2) and N (−2) . The two types of helicity do not mix between themselves, and the helicity −2 system is seen to be obtained from the helicity +2 one simply by changing g → −g. The two latter facts are simple consequences of the structure of the field equations. In particular, as g enters the background in the combination gε abc , the sign flip g → −g does correspond to a different choice for the orientation of space, which indeed reflects as an exchange between the two helicities, see Eqs. (5.24) .
Denoting (as in our code) π (+2) by K 1 , τ (+2) by F 1 , and N (+2) by N 1 , and introducing the rescaled variables,
, and i N n ≡ N (+2) , we found that the first-order (O(γ)) perturbations of, respectively, T 0ab , T * dc and G ab yield, using the above-defined extraction procedure, three (rescaled) equations, respectively denoted E 1 = 0, E 3 = 0 and E 5 = 0, for K 1 , F n and N n , with 
